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2.1. , Borel Borel
. , Borel Borel
. Borel [Ke] .
2.2. Borel $\alpha:\Gamma$ $(X, \mu)$ ,
(i) $\alpha$ (measure-preserving) , $\gamma\in\Gamma$ Borel
$A\subset X$ , $\mu(\gamma A)=\mu(A)$ .
(ii) $\alpha$ (essentially free) , a.e. $x\in X$ ,
$\{\gamma\in\Gamma:\gamma x=x\}$ .
(iii) $\alpha$ (ergodic) , Borel $A\subset X$ $r$- ,
, $\gamma A=A$ $\gamma\in\Gamma$ , $\mu(A)=0$ ,
$\mu(A)=\mu(X)$ .
(iv) $\alpha$ ef.mp. , $\alpha$ , , ,
.
2.3. $\Gamma$ , $(X_{0}, \mu_{0})$ . , $(X_{0}, \mu_{0})$ ,
, $\mu_{0}(\{x\})=1$ $x\in X_{0}$ . , $(X_{0}, \mu_{0})^{\Gamma}=$
$\prod_{\Gamma}(X_{0}, \mu_{0})$ , $\Gamma$ :
$\gamma(x_{g})_{g\in\Gamma}=(x_{\gamma^{-1}g})_{g\in\Gamma},$ $\gamma\in\Gamma,$ $(x_{g})_{g\in\Gamma}\in X_{0}^{\Gamma}$ .
$\Gamma$ $(X0, \mu_{0})^{\Gamma}$ e.f.m.p. ( , [K3, Lemmas 2.4, 2.5] ).
Bernoulli . , e.f.m.p.
.
2 e.f.mp. $\alpha:\Gamma\subset\sim(X, \mu)$ $\beta$ :A $(Y, \nu)$ ,
2 . $(X, \mu)$ $(Y, \nu)$
, $X‘\subset X,$ $Y’\subset Y$ $0$ , $X’$ $Y’$
Borel $f$ ( ) .
$f$ . 2 $0$
, , $0$
, .
2.4. 2 e.f. $m.p$ . $\alpha:\Gamma r\sim(X, \mu)$ $\beta$ :A $r\sim(Y, \nu)$ (conjugate)
, $f:(X, \mu)arrow\simeq(Y, \nu)$ $F:\Gammaarrow\simeq$ A
:
$f(\gamma x)=F(\gamma)f(x)$
$\gamma\in\Gamma$ a.e. $x\in X$ .
2.5. 2 e.f.m.p. $\alpha:\Gamma$ $(X, \mu)$ $\beta:\Lambda$ $(Y, \nu)$ (orbit
equivalent, OE) , $f$ : $(X, \mu)arrow\simeq(Y, \nu)$
:
$f(\Gamma x)=\Lambda f(x)$
a.e. $x\in X$ .
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26. , OE . 2 OE ,
. ,
efmp. $\Gamma’\backslash (X,\mu)$ ,
. , $F\subset X$ ,
$\bullet\mu(\bigcup_{\gamma\in\Gamma}\gamma F)=\mu(X)$ ,
$\bullet$




$M$ ( ). ,
, . $M$ $g$ ,
$p$ , $M$ $M_{g,p}$ . , $\kappa(M)=3g+p-4$ . $M$
$\Gamma(M)^{o}$ $M$ .
$\Gamma(M)^{\theta}$ . , [Iv]
. , $\kappa(M)>0,$ $M\neq M_{1,2},$ $M_{2,0}$ .
3.1 ([K2, Theorem 1.3]). $\Gamma$ $\Gamma(M)^{O}$ , $\alpha:\Gamma$ $(X, \mu)$
$\beta:\Gamma r\sim(Y, \nu)$ e.f.m.p. . $\alpha$ aperiodic, , $\Gamma$
$(X, \mu)$ . , $\alpha$ $\beta$ OE , $\alpha$ $\beta$
.
31 , , :
3.2 ([K2, Theorem 1.1]). $\Lambda$ , $\Gamma’\backslash (X, \mu)$ $\Lambda$ $(Y, \nu)$ OE
e.f.m.p. . , 2 (virtually conjugate)
.
, 2 ,
, $1arrow Narrow\Lambdaarrow\Gammaarrow 1$ , $N$
. 32 , OE
, (OE )
(superrigid) . 3.2 , $\Gamma$ $e.f$.m.p.
. 31, 32 , [K4]
.
3.3. . ,
IFNrrman [Fl] . , $n\geq 3$ $SL_{n}(\mathbb{Z})r\sim \mathbb{R}^{n}/\mathbb{Z}^{n}$
. Furman , $\mathbb{R}$- 2 Lie
. ,






aperiodic , ( 3.1)
, OE . 4.1 , Bemoulli
, . 42 ,
. , Bernoulli
. 43 , , Bemoulli.
, .
, [K3] . Bemoulli
, [PV] .
4.1 Bernoulli
$\Gamma$ , $K$ $\Gamma$ . $(X_{0}, \mu_{0})$ ,
, , $(X_{0}, \mu_{0})$ (atom) ,
. ($x\in X_{0}$ $(X_{0},$ $\mu_{0})$ , $\mu o(\{x\})>0$ ) ,
$(X_{0}, \mu_{0})^{K}=\prod_{K}(X_{0}, \mu_{0})$ $\Gamma$ :




4.1 ( $[K3$ , Lemma 2.3]). $\Gamma,$ $K,$ $(X_{0}, \mu_{0})$ ,
$\alpha:\Gamma$ $(X0, \mu 0)^{K}$ .
(i) $\alpha$ , $\Gamma r\backslash K$
.
(ii) $\alpha$ , 2 :
$\bullet$
$\gamma\in\Gamma$ , $k\in K$ $\langle\gamma\rangle k$
. , $\langle\gamma\rangle$ $\gamma$ ;
$\bullet$
$\gamma\in\Gamma\backslash \{e\}$ , $K$ $\{k_{n}\}_{n\in N}$ , (a)
$n\in N$ , $\langle\gamma\rangle k_{n}$ 2 ;(b) $n\neq m\in N$ ,
$\langle\gamma\rangle k_{n}\cap(\gamma\rangle k_{m}=\emptyset$ .
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$\Gamma_{\Gamma\backslash }(X, \mu)$ , $(X, \mu)$
, $\Gamma$ $(X, \mu)$ $\Gamma$
. , $\Gamma$ $(X,\mu)$ (ergodic decomposition)
, . ,
Bernoulli , . ,
. , [Gl] .
$(X, \mu),$ $(Y, \nu)$ Borel $\pi:Xarrow Y$ $\pi_{*}\mu=\nu$ ( ,
Borel $A\subset Y$ , $\mu(\pi^{-1}(A))=\nu(A)$ )
. $y\in Y$ , $X_{y}=p^{-1}(y)$ . , $\mu$ $\nu$
(measure disintegration) ( $[G1$ , Theorem $A.7]$ ):
$y\in Y$ , $X$ $\mu_{y}$ , $\mu_{y}(X_{y})=1$ , $\mu=\int_{Y}\mu_{y}d\nu(y)$
. , Borel $A\subset X$ , $Y\ni y\mapsto\nu_{y}(A)$
Borel , $\mu(A)=\int_{Y}\mu_{y}(A)d\nu(y)$ .
, . , $y\in Y$ , $X$
$\mu_{y}’$ , $\mu_{y}’(X_{y})=1$ , $\mu=\int_{Y}\mu_{y}’d\nu(y)$ , $\nuarrow a.e$ . $y\in Y$
, $\mu_{y}=\mu_{y}’$ .
$\Gamma$ $(X, \mu)$ $\Gamma$ $(X, \mu)$ . ,
$(Y, \nu)$ Borel $\pi:Xarrow Y$ $\pi_{*}\mu=\nu$ ,
([Gl, Theorem 8.7]): $\mu=\int_{Y}\mu_{y}d\nu(y)$ $\mu$ $\nu$ .
(i) $\gamma\in\Gamma$ $\mu- a.e$ . $x\in X$ , $\pi(\gamma x)=\pi(x)$ ;
(ii) $\nu-$ae $y\in Y$ , $\Gamma$ $(X_{y}, \mu_{y})$ ;
(iii) $(Z, \eta)$ , $\rho:Xarrow Z$ $\rho_{*}\mu=\eta$ Borel , $\mu=\int_{Z}\tilde{\mu}_{z}d\eta(z)$
$\mu$ $\eta$ . $\rho$ $\Gamma c\sim(X,\mu)$ , (i)
, $\eta- a.e$ . $z\in Z$ , $\Gamma r\backslash (\rho^{arrow 1}(z),\tilde{\mu}_{z})$ .
, Borel $\phi:Zarrow Y$ , $\eta- a.e$ . $z\in Z$ $\mu_{\phi(z)}=\tilde{\mu}_{z}$
.
$\pi:(X, \mu)arrow(Y, \nu)$ $\Gamma$ $(X, \mu)$ (ergodic decom-
position) . (iii) , , $(Y, \nu)$
, $\Gamma r\sim(X, \mu)$ .
.
4.2. $(X, \mu),$ $(Y, \nu)$ , $\Gamma r\backslash (X, \mu)$ $\Gamma$
. $\Gamma$ $\Gamma’\backslash (X\cross Y, \mu x\nu)$
$\gamma(x,y)=(\gamma x,y)$ , $\gamma\in\Gamma,$ $x\in X,$ $y\in Y$




$M$ $\kappa(M)=3g+p-4>0,$ $M\neq M_{1,2},$ $M_{2,0}$ , $\Gamma$ $M$ $\Gamma(M)^{\theta}$
. $V(M),$ $S(M)$ :
$\bullet$ $V(M):=M$ . , $M$
, $M$
.
$\bullet$ $S(M):=V(M)$ , $M$
.
$V(M)$ , $S(M)$ $C(M)$ .
$\Gamma(M)^{o}$ , $C(M)$ . $C(M)$ (curve
complex) , . , 3.1, 3.2
, .
43 ( $[K3$ , Theorem 1.1]). , $\sigma,$ $\tau\in S(M)$ , $\Gamma$
$K=\Gamma\sigma,$ $L=\Gamma\tau\subset S(M)$ . $\Gamma$ $K,$ $L$
. $(X_{0}, \mu_{0}),$ $(Y_{0}, \nu_{0})$ , Bemoulli
$\alpha_{0}:\Gamma$ $(X_{0}, \mu_{0})^{K}$ , $\beta_{0}:\Gamma r\sim(Y_{0}, \nu_{0})^{L}$
. , 2 :
(i) $\alpha 0$ $\beta 0$ .
(ii) $(X_{0}, \mu_{0})$ $(Y_{0}, \nu_{0})$ , $g\in\Gamma(M)^{0}$ ,
$gK=L,$ $g\Gamma g^{arrow 1}=\Gamma$ .
4.4. (a) 4.3 , (ii) (i) .
(b) 41 $\Gamma(M)^{\theta}$ $S(M)$ , 43 $\alpha_{0}$
$\beta_{0}$ e.f.m.p. , aperiodic . )
3.1 (ii) , 43 2 (i), (ii) :
(iii) $\alpha 0$ $\beta 0$ OE .
(c) , (b)
, $\Gamma$ efmp. OE .
43 $(i)\Rightarrow(ii)$ , , $\sigma,$ $\tau\in S(M)$ 1
, , $\sigma=\{\alpha\},$ $\beta=\{\beta\},$ $\alpha,$ $\beta\in V(M)$





45. $\delta\in V(M)$ , $\Gamma_{\delta}$ $V(M)\backslash \{\delta\}$
.
43 $(i)\Rightarrow(ii)$ . $K=\Gamma\alpha,$ $L=\Gamma\beta\subset V(M)$ , 2
$\alpha_{0}:\Gamma$ $(X_{0}, \mu_{0})^{K}$ , $h:\Gamma’\backslash (Y_{0}, \nu_{0})^{L}$
. , $f;(X_{0}, \mu_{0})^{K}arrow\simeq(Y_{0}, \nu_{0})^{L}$ $F;\Gammaarrow\simeq\Gamma$
,
$f(\gamma x)=F(\gamma)f(x)$ , $\forall\gamma\in\Gamma,$ $\mu_{0}^{K}- a.e$ . $x\in X_{0}^{K}$
. Ivanov ([Iv, The-
orem 8. $5.A$] $)$ , $g\in\Gamma(M)^{O}$ ,
$F(\gamma)=g\gamma g^{-1}$ , $\forall\gamma\in\Gamma$
. $F(\Gamma_{\alpha})=\Gamma_{g\alpha}$ .
1. $g\alpha\in L$ . ( , $\Gamma=F(\Gamma)=g\Gamma g^{-1}$ , $gK=L$
)
. $g\alpha\not\in L$ . $\Gamma_{g\alpha}r\sim L$ ( 45) ,
$\Gamma_{g\alpha}\subset\sim(Y0, \nu 0)^{L}$ ( 41 $(i)$ ). , $\Gamma_{\alpha}c\sim(X0, \mu 0)^{K}$
. , Borel $A\subset X_{0}$ , $0<\mu_{0}(A)<1$
,
$\{(x_{k})_{k\in K}\in X_{0}^{K}:x_{\alpha}\in A\}$
$\Gamma_{\alpha}$ , $\mu_{0}(A)$ . , $f$ $F$ , 2
$\Gamma_{\alpha}$ $(X_{0}, \mu_{0})^{K},$ $\Gamma_{g\alpha}$ $(Y_{0}, \nu_{0})^{L}$ .
2 $\bullet$ $\Gamma_{\alpha}$ $(X_{0}, \mu_{0})^{K}$ ,
$(x_{0,\mu 0)^{K}}arrow(x_{0,\mu 0)},$ $(x_{k})_{k\in K}\mapsto x_{\alpha}$
.
$\bullet$ $\Gamma_{g\alpha}$ $(Y_{0}, \nu 0)^{L}$ ,
$(Y_{0}, \nu_{0})^{L}arrow(Y_{0}, \nu_{0})$ , $(y_{l})_{l\in L}\mapsto y_{g\alpha}$
.
41(i) 45 , $\Gamma_{\alpha^{\Gamma}}\vee(X_{0}, \mu_{0})^{K\backslash \{\alpha\}}$
, $(X_{0}, \mu_{0})^{K}\simeq(X_{0}, \mu_{0})^{K\backslash \{\alpha\}}\cross(X_{0}, \mu_{0})$ , 42
2 . , $(X_{0}, \mu_{0})$ $(Y_{0},$ $\nu_{0})$
. , 43 $(i)\Rightarrow$ (ii) .
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